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not :: Bool—Bool,

concat :: [[a]] — [a], ..
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sum :: [Int] — Int ZVALDIZEDIE
sum|[] =0 consDi5E NIEZ.
ve) — headD{E&. tailllZxfLT

sum (x:xs) = B E BRI RS

X + sum Xs oy

O—kTELE:

ength :: [a] — Int fo[X]—=Y

ength [] = 1 f[]=n

ength (x:xs) = f (x:xs) = ¢ x (f xs)

1 + length xs




= BB #foldriC &k %/ 83— DHRAE

INR—: foldra{E>1=EZHI:

f[] = sum = foldr (+) 0

T (x:xs) = C x (f xs) length = foldr

(A_n—>n+1)0

%B%I%é&tbf %'“3' XS ++ yS =

foldr :: (a—b—b) — b foldr (:) ys xs
—[a]—Db map f = foldr

foldrcn[]=n (Axxs —fx:xs)]]

foldr c n (x:xs) =
c X (foldr c n xs)
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X =[A] h.n=n &
n =] foldrn’c’ [[=n’
c= () h.c=c.h &

h = foldr n’ foldrn’ ¢’ (x:xs) = ¢’ x (foldr n’ ¢’ xs)
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data Nat = Zero

Succ Nat

B HIAH DR

iter :: a—(a—a)
— (Nat—a)
iterzs Zero =z
iter z s (Succ n) =

s (iterzs n)

(iterzsnl(XzIZs%

n

A

@RI D)

iterz{E>71=E & HI:

plus :: Nat—Nat—Nat
plus n = iter n Succ
mult :: Nat—Nat—Nat

mult n =
iter Zero (plus n)
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The Evolution of a Haskell Programmer

http://www.willamette.edu/~fruehr/haskell/
evolution.html

[EFRZBRGESAHATEVNTHDEE

Categorical Programming [ZE{&9 5% D
Beginning graduate Haskell programmer
Origamist Haskell programmer
Cartesianally-inclined Haskell programmer

Ph.D. Haskell programmer
Post-doc Haskell programmer
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Beginning graduate Haskell programmer

(graduate education tends to liberate one from petty concerns about,
e.qg., the efficiency of hardware-based integers)

-- Nat, plus, mult W& -- two versions of

factorial
-~ primitive recursion fac' :: Nat — Nat
primrec :: a — (Nat — a fac’ = primrec one (mult .
— a) — Nat — a Succ)

primreczs Zero Z

primrec zs (Succn) =  (2€ro :one : two
s n (primrec z s n) three : four : five : ) =

iterate Succ Zero
iterd o5& 4 %j
YOI (V=N
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E &R

primreczs Zero =z

primrec z s (Succ n) =s n (primrec z s n)

fac' = primrec one (mult . Succ)
CNOTARGICFEEICIEH>TS?

fac’ Zero = primrec one (mult . Succ) Zero = one

fac’ (Succ n)

= primrec one (mult . Succ) (Succ n)

(mult . Succ) n (primrec one (mult . Succ) n)
(mult . Succ) n (fac’ n) = mult (Succ n) (fac’ n)



[RIRISEHAE (cont'd)

A RBDERED RO

E UDJWX&Z X & s Nat—X—X [Z
LT, TRZFTHEIZTS h :: Nat—X A
T*T*—’DT?T:E (ZH primrec z S)

/ Zero Succ \

() > Nat < Nat
| |
h Id &&& h
z l l
X <« (Nat, X)
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RIRIF#NiE (cont'd)

primrec
primrec ;. a — (Nat > a —a) — Nat — a
primreczs Zero =2z
primrec z s (Succ n) =s n (primrec z s n)

E(LiterTRIFTES

primrec’z s = snd .
iter (Zero, z) (A (a,b) — (Succ a, s a b))
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Origamist Haskell programmer

(always starts out with the “basic Bird fold”)

-- (curried, list) fold and an application
foldcn [] =n
fold c n (x:xs) = ¢ x (fold ¢ n xs)

prod = fold (*) 1 ?foldr j

-- (curried, boolean-based, list) unfold and

an application

unfold pfg x =

o x T':.unfoldrj
then []

else f x : unfold p f g (g x)

downfrom = unfold (==0) id pred

-- hylomorphisms, as-is or "unfolded"
(ouch! sorry ...)

refold cnpfg =
foldcn.unfoldpfg

refold'cnpfgx=
if p x
then n
else c (f x) (refold' cnp fg (g x))

- sever_al versions _of factorial, all
(extensionally) equivalent

fac = prod . downfrom
fac' =refold (*) 1 (==0) id pred
fac" = refold' (*) 1 (==0) id pred
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prod :: [Int] — Int
prod = foldr (*) 1

downfrom :: Int — [Int]
downfrom = unfoldr d

d :: Int = Maybe (Int, Int)
d 0 = Nothing
d x = Just (x,x-1)

-- hylomorphisms (as-is)
refold::(@a—b—>Db)—Db

— (¢ — Maybe (a, c))

— (c —b)
refold ¢ nf=foldr c n. unfoldr f

g &

-- hylomorphism (unfolded)
refold'cnfx=
case f x of
Nothing — n
Just (a,x) — c a (refold' c n f x)

-- several versions of factorial, all
(extensionally) equivalent

fac :: Int — Int

fac = prod . downfrom
fac' =refold (*)1d
fac" =refold' (*) 1d



R A A 9 HE£% unfoldr

unfoldr downfrom 3 = unfoldr d 3

:: (b — Maybe (a, b)) / 3
— (b — [a]) Just 3 2)
unfoldr f x =
case f x of
Nothing — [] Just 1 0)
Just(a,y) —
a :unfoldrfy

Just 2 1)

Nothlng

321[]
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EFEDE X, B3 f - X = Maybe (a, X) IZ
LT, LLTFZRHEIZT HEE h : X—[a] B
ME—DFE, (T hH unfoldr f)

i

.

d

]

|
\
X

out

> Maybe (a,[a])

!

fmap (id *** h)

f

> Maybe (a,X)

/
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out :: [a]—Maybe (a,[a])
out [] = Nothing

out (x:xs) = Just (x, xs)



Hylomorphism (refold)

Haskell Tl
ERVRAFDE! = EE XD E!
1&MD T,
unfoldr f :: x— [a]
foldr c n :: [a]—y unfoldrCIAIT T
O !

refoldcnf=foldrcn.unfoldrf::x —vy
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[ERDER
fac = refold (*) 1 d = foldr (*) 1 . unfoldr d
et

unfoldr d foldr (*) 1
4 > [4,3,2,1] > 24

hfEl T —32NER SN T, IRENELH,
refold’ Z{E A LT —2ELIZETE AT EE




Cartesianally-inclined Haskell programmer

(prefers Greek food, avoids the spicy Indian stuff;
inspired by Lex Augusteijn’s “Sorting Morphisms” [3])

Origamist & C< Hylomorphism TEZ
1=1=L. &N X vERIC
foldr — cata (Catamorphism)

unfoldr — ana (Anamorphism)
refold — hylo (Hylomorphism)

51 DEAHFLILLEDLOTNS




Ph.D. Haskell programmer

(ate so many bananas that his eyes bugged out, now he needs new
lenses!)

F7-%14> Hylomorphism 7&1%97‘*”'“*7‘:775

RLANILTOARYREBRFE-TEE
newtype Mu f = In (f (Mu f))
data N x = Zero | Succ x

type Nat =Mu N

BRI OEBONANGELDI(C

foldr %o iter A%

cata :: Functorf= (fa—a)— (Muf—a) I,
unfoldr A%

ana :: Functorf=(a—fa)— (@a— Muf)IZ,




Post-doc Haskell programmer

(from Uustalu, Vene and Pardo’s “Recursion Schemes from
Comonads” [4])

Beginning graduate Haskell programmer
ERICL. [RIgIFHNETRERZTE

t=1=L. Ph.D. Haskell programmer T®
NANGERZFIFF
==, RIRIRMEZERED TIEEGLT,
Comonadic lteration &ULVNSEE—ABRY7%R
B/ NF—2 DFEGIHE ELTRE
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-~ BXR (A=vhE)
right object 1 with !
end object;

- EFR (37L)

right object prod(a,b) with pair is
pi1: prod — a
pi2: prod — b

end object;

- REXR (BAHE)

right object exp(a,b) with curry is
ev: prod(exp,a) — b

end object;

- BERHME

left object nat with pris
zero: 1 — nat
succ: nat — nat

end object;

- BB EZE DI

let add = ev.pair(pr(curry(pi2),
curry(s.ev)).pi1, pi2)

let mult = ev.prod(pr(curry(zero.!),
curry(add.pair(ev, pi2))), id)

let fact = pi1.pr(pair(s.zero, zero),
pair(mult.pair(s.pi2, p|1) S.pi2))
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Left Object / Right Object ) —F&%£E
Left Object
EBEDERDT—H2E
59*;& )Xk, SmIE(E, B, etc.
EDBENEE
Right Object
RIRNELAGLN T — 55
a=—yhE B, B, E|RURL, F—TE, etc,
EDRSIEFELNEE
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RRAR (A=y )

right object 1 with !
end object;

- p
EEDRRXDEZ bnT=ESIC,

X1 ~NDEMN—EICHFE
TDOE#ZE | &FKEC




E

left object nat with pris
zero: 1 — nat
succ:. nat — nat

end object;

ANEE

X, z:1-X, s : X=X [Zx]

LT. TRIZAH2IZT S
# pr(z,s): nat—=X N—&

IZHF7E

Zero succe

/ 1

> nat « nat
| |
pr(Z’S) pr(Z,S)
Z l l
X < X

/




Zero SUCC
1 > nat < nat
| |
pr(Z’S) pF(Z,S)
z l l
X < X

\ s Y,

pr(z,s) . zero =z 2
pr(z,s) . succ = s . pr(z,s) I-llask%II’C*_.EI LV
AEEY LD iterHpri 237 its

NZED=>HDDESHARYNEALTT,




B AEEx ALN=5TFE

2129 HRH%K /pr(f,g).succ\
double = pr(zero, succ . succ) : nat—nat :59:%%9)
S+ LU

double . succ . succ . succ . zero

=> pr(zero, SUCC.suCc).succ.succ.zero

=> succ.succ.pr(zero, succ.succ).succ.succ.zero

=> SUCC.SUCC.SuccC.succ.pr(zero,succ.succ).succ.zero
=> SUCC.SUCC.SUCC.SUCC.SUCC.Succ.pr(zero,succ.succ).

Zero
pr(f,g).zero = f
ZeaE

= SUCC.SuUcCcC.succ.succ.succ.succ.zero




EiE (37 )LL)

right object prod(a,b) with pair is

pi1: prod — a /"—E%LJ:’)}:L’CL\%?

pi2: prod — b GOk (S
end object; L ENEL
7 it 2\ EEOX, fX—a,
a «——prod(a,b) — b g:X—b [ZxLT.
T ERETHRIZT S
pair(f,g) pair(f,g) :
f | g X—prod(a,b)




EiE (37 )LL)

a pi1
«<— prod(a,b) p|2

\ar fg/

pi1l . palrf g =f
pi2 . pair(f, g) = g
prod(f,g) = pair(f.pi1, g.pi2)



NEXR (BEHE)
(B#E T oA A A B TIEGLY)
right object exp(a,b) with curry is
ev: prod(exp,a) = b

end object; evifeval DESTZ(TE.
Lisp CDapplylZFE &

- ev
prod(a,b) — D ev . prod(curry(f), id)
! = f
prod(curry(f), id) " exp(f, g)
‘ =

K prod(X,b) / curry(g . ev . prod(id, f))




[ RANES kS Gack

add = ev.prod(pr(curry(pi2), curry(s.ev)),
id)

mult = ev.prod(pr(curry(zero.!),
curry(add.pair(ev, pi2))), id)

fact = pi1.pr(pair(s.zero, zero),
pair(mult.pair(s.pi2, pi1), s.pi2))

L:#’L(iiﬁE(:\ Z e S i&(Esoteric Language)o(ﬂfb\ﬁa}
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Categorical Programming Language
http://www.tom.sfc.keio.ac.jp/~hagino/thesis.pdf

Categorical programming with inductive and
coinductive types
http://www.cs.ut.ee/~varmo/papers/thesis.pdf

The Evolution of a Haskell Programmer
http://www.willamette.edu/~fruehr/haskell/evoluti
on.html




